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ByMax.A.HeasletandFranklynB. Fuller

SUMMARY

Theexternalwavedragofbodiesofrevolutionmovingat supersonic
speedscanbe expressedeitherintermsof thegeometryof thebody,or
intermsof thebody-simulatingaxialsourcedistribution.Forpurposes
ofderivingoptimumbodiesundervariousgivenconditions,it isfound
thatthesecondof themethodsmentionedis themoretractable.By use
ofa quasi-cylindricaltheory,thatis,theboundsryconditionsareapplied
on thesurfaceof a cylinderratherthanon thebodyitself,thevaria-
tions_problemsof theoptimumbodieshavingprescribedvolumeor caliber
aresolved.Thestreamwisevariationsof cross-sectionalareaanddrags
ofthebodiesareexhibited,andsomenumericalresultsaregiven.The* solutionsarefoundtodependupona singlepsrsmeterinvolvingMach
numberandtheradius-lengthratioof thegivencylinder.Variationof

* thisparameterfromzeroto infinitygjvesthespectrumof optimumbodies
withthegivenconditionfromtheslender-bodyresultto thetwo-
dimensional.Thenumericalresultsshowthatforincreasingvaluesof
theparameter,theoptimumshapesquicklyapproachthetwo+tmensional.

A reciprocityrelationforaxialflowisderived,andit isusedin
formulatingthevariationalproblemsintermsof thedragformulainvolv-
inggeometry.Formulationof theminimumproblemsin termsof combined
flowfieldsisfoundtoleadto extremelysimplerelationsthataresat-
isfiedby theflowfieldsinducedby opttiumbodies.Thecombinedflow
conceptsarealsouseful,forexample,in checkingresultsfoundby other
means.

INTRODUCTION

Thedesignofminimum-dragconfigurationsisoneof thefundamental
problemsof aerodynamics.Formanyengineeringpurposesit is,further-
more,possibletomakeusefulpredictionsanddesigncalculationsfor
steadyflightby consideringadditivelythedxagattributableto the
viscousnatureof theairandthedragthatoccursinan inviscidmedium.
Sinceefficientflightis closelyassociatedwiththeuseof aerodxc

h shapesproducingrelativelysmalldisturbancesin theair,theanalysis
uponwhichtheinviscid-fluidtheoryisbasedcan,inmanycasesofprac-
ticalinterest,be furtherlimitedtofirst-orderapproximationsinvolving-
smallperturbations.Forsupersonicflightspeedssuchan anaLysisis

.—
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linear,theperturbationvelocitypotentialof theflowfieldsatisfies
b

thewaveequation,andthepressuredragofnonliftingconfigurations_
resultsfromtheaccumulationof energyinthewavesinducedby thebody - i
duringitsmotion.

Thepurposeof thepresentpaperis to showhowmostfavorablebody
shapes,undervariousgivenconditions,canhe derivedby usingformulae
fordragpredictionthatarebaseduponthelinearizedtheory.Thetype
ofbodytobe treatedisa nacelle-orduct-likeconfiguration(nonlifting
andhavingaxialsymmetry)whichinducesperturbationsthatarespecified
on thesurfaceofa circularcylinder.Theanalysismightbe termedquasi-
cylindrical,sinceboundaryconditionsareappliedon thesurfaceofa
cylinderratherthanon thebodyitself.Onlytheexternalflowis con-
sidered.

Therearetworatherdifferentmethodsavailableforthecalculation
ofdragof suchbodies.Thefirst,givenbyWardinreference1, expresses
thedragintermsof thegeometryof thebodyandofa weightingfunction
firstencounteredby Lighthill(ref.2) in connectionwiththedragof
fusiformbodies.Thesecondresult, publlshedrecentlybyParker
(ref.3),isa formulainwhichthedragisexpressedin termsof the
strengthofanaxialsourcedistributionthatsimulatesthebodyshape.
Generallyspeaking,theformulagivingdragdirectly.intermsof geomet-

*

ricalcharacteristicswouldbe preferable,sincetheusualauxiliarycon-
ditionsinvariationproblems,suchas givenvolume,givencaliber,etc., *
arealsoexpressedingeometricalterms.Unfortunately,however,the
variationalprobleminthiscaseleadstoan integralequationwhose
kernelistheLighthillfunctionmentioned-previously,andtheproperties
of thisfunctionarenotatpresentwellenoughknownto enableoneto
solvetheintegralequationby otherthannumericalmethods.On the
otherhand,theexpressionfordragin termsof sourcesleadsto.a trac-
tableintegralequation,althoughtherelationsbetweensourcestrength
andgeometryaresomewhatcomplex.

Problemsof thesorttobe treatedherehavebeenattackedby Ferrari
(refs.4 and~) andbyParker(ref.3). Thefirst--cdautiorhas
approachedtheproblemofminimumdragwith-assortedisoperimetriccon-
ditionsby boththeabove-mentionedmethods,butthemaineffortwasmade
in connectionwithtiesource-strengthmethodappliedin conjunctionwith
a controlsurfaceconsistingofa frustumof a cone.A largenumberof
caseshavebeenworkedout,mostlyby numericalmethods.Theotherwork,
reference3, givesa solutiontotheproblemof theminimum-dragbody
withgivencaliber,makinguseofboundaryconditionson theStokesr
stresmfunction,ratherthanthepotentialfunction.

In thispaperwe shallapproachtheproblemby theuseofbothmethods
outlinedabove.In an introductorysection,theoperationalapproachto ●

thewaveequationisextendedtobodieshavingperipheralaswellas
longitudinalvariationsof surfaceshape.Theanalysisisthenrestricted
to thecaseofaxialsyrmetryandthetwudragformulaearegiven.Then ●

a reciprocityrelationforaxialflowisdertved,andthenotionof
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combinedflowfieldsis introduced.Thisdeviceleads,throughapplica-
tionofthereciprocityrelationandthedragformulaintermsofbody
geometry,toextremelystiplephysicalcharacterizationsof theflow
fieldsassociatedwithoptimumbodies.Next,inordertoderiveexplicit
expressionsforsomeoptimumbodieswe considerthesource-function
approachin combinationtitha cylindricalcontrolsurfaceonwhich
boundaryconditionsarespecified.Theresultsobtainedsrediscussed
withtheaidofnumericalexamples,and,finally,thereciprocityrela-
tionsderivedearlierareefiibitedin termsof theexplicitsolutions
found,andsomeusesof thereciprocityresultsareindicated.

TheAppendixisdevotedto summarizingtheresultsof theminimiza-
tionsfortheconvenienceof thereader.
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LISTOF IMPORTANTSYMBOLS

speedof soundinfreestream

strengthof sourcedistribution

functionusedinisoperimetricproblems(Seeeqs.(60).)
P-POpressurecoefficient,~

drag

completeellipticintegralof secondkindofmodulus

modulusof ellipticintegrals

completeellipticintegralof firstkindofmodulus

Besselfunctionsof orderm (Seeref.8.)

lengthofbody
Uo

Machnumberinthefreestream,~

k

k

directioncosineswithrespecttoCartesianaxesof theinward
normaltoa surface

pressure

pressurein thefreestream

pressureina cmnbinedflow

dynamicpressure,* POU02

field,p - 5
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on controlcylinderdueto sourcedistribu- k

radiusof cylindricalcontrolsurface

cross-sectionalareaofa body

s(x)- s(o)

Cartesiancoordinates

perturbationvelocitiesin x,y,z directions,respectively

free-streamvelocity

perturbationvelocityinradialdirection

volumeofbody

additionalvolumewrappedon cylindricalcontrolsurface *.
functiondefinedinequation(2’j)

●

parameterof ellipticintegralof thirdkind .—

%2-1

dimensionlessstreamwisecoordinate,~
-1~angularcoordinate,tan ~ .-

Lagrangemultipliersin isopertietricproblems

completeellipticintegralof @ird kindofmodulusk~d
parameter@ (innotationOf ref.20)

free-streamdensity

w
-i

perturbationvelocitypotential

Suffixes

differentiationwithrespeetto.streamwisecoordinate

quantityevaluatedinreversedflowfield

.—
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Laplacetransfomn

* dimensionlessquantityas V* = $ , S* .$ , etc.

INTRODUCTORYANALYSIS

Theanalysistobe givenhereisadaptedtoboundaryconditions
specifiedon a rightcircularcylindersoorientedthatitssxis’i.sparal-
lelto thefree-streamvelocityvector.Immediateapplicationthusfollows
forquasi-cylindricalshapesthatdeviateslightly,bothlongitudinally
andperipherally,froma cylindricalcontrolsurfacealthoughtheexpres-
sionfordragcanbe extendedto includethedomainof slender-bodytheory.

Considera Cartesiancoordinatesystemfixedrelativetoa supersonic
free-streamvelocityU. andMaA number~ = Uo/ao> I where ~ i5
thevelocityof soundinthefreestream.The x sxisis alinedwiththe
directionof theflowandthelateralcoordinatesy,z mayalsobe expres-
sedinpolarcoordinatesr,9 where r =~, e = t~-Lz/y. A cylin-
dricalcontrolsurfaceof’radiusr = R = const.isgivenwiththerange
O 5X ~ 2 andon thiscontrolsurfacetheperturbationvelocitycompo-
nents,togetherwiththeirgradients,aresmallrelativeto U. andUo/Z.
Undertheseconditionsthefieldexternalto thecylinderofradiusR
hasforitsgoverningequationthelinearrelation

$2%X-Py-y -Pzz =0 (1)

wherethesubscriptnotationdenotespartialdifferentiation,(p(x,y,z)is
theperturbationvelocitypotentialyieldingtheperturbationvelocity
components

U(X)Y>Z)= QX(X)Y,4, V(XYY)Z)= gy(%Y,4, W(x,y,z) = %(X2Y>Z)

and~2 = ~2 - 1. Theboundaryconditionson thebodyaretobe taken
in theform

%(xjr}e)]r=R‘“OG(x>e)> 0<X<2 (2)

where G isa knownfunctionof x andt).
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A GeneralSolutionoftheWaveEquationinCylindricalCoordinates

If equation(1)isrewrittenintheform

(3)

itispossible,throughseparationofvariables,toderivea generalsolu-
tionrepresentinga rectilineardistributionof sourceandmultipole
singularities.Thisgeneralsolutioncsmbe foundby useof theLaplace
transformation.By de~inition,theLaplacetransform(seeref.6) ofa
functionF(x,r,6)isF(s;r,e)where

*

—.
—.

J’‘e-ElxF(x,r,8)b??(s;r,~)= (4)
o

Ifoneemploysthistransformationandappliesinitialconditionsconsist-
entwithsupersonicflowtheory(ref.7),equation(3)becomes

Thetrmsformof
intheform

j32s~- @rr - (l/r)@r - (1/r)%e~=

thepertubrationvelocitypotential

●

o (!5)
&

isassumedseparable

?J(s;r,e)= ~(r,s)costi

anditfollowsdirectlythat ~(r,s)mustsatisfytheordinsrydifferential
equation

d2( d~
[ 1

—
1 &——- l+— g=o

d(prs)2+ @rsd(prs) ($rs)2

Thus,thesolutioncanbe written

@(s;r,O)= -~ ~[ costik(s)Km(@rs)+~m(s)Im(Brs)]
o

~Itwillbe assumedthroughthepresentsectionthattheoriginlies
upstreamofalldisturbancepointsintheflowfield.Subsequently,the
originwillbe shiftedsoas tolieat theupstreamfaceof thecontrol

.

surfaceorbody.
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where Km andIm aremodifiedBesselfunctionsinthenotationofref-
erence8. TheasymptoticexpansionsfortheBessel
Im yieldsincomingwavessuitablefortheanalysis
or cylindricalcontrolsurface;Km yieldsoutgoing
to thecalculationof thefieldexternaltoa tube.
has,

from

inthelattercase,
m

T(s;r,e)= -~
I
~(s)Km(~rs)cos

o

functionsshowthat
of flowinsidea t~e
wavesthataresuited .
Itfollowsthatone

me (6)

Theinversionof equation(6)canbe achievedintwoways. First, -
reference9,page277,andtheconvolutionintegral,onegets ..

[f

x-pr Ao(xJdx=
cp(x,r,e)= - &

o J(x - xJ2 - 132r2
+

COsh
-1x

‘1

2 dx=

1 J
\ $rCosme

J(X - X=)2- p2r2
(7)

1 0

Second(see,e.g.,ref.8,p. 79),onehas

m

()
Km(~rs)= (-l)ms ~ ~(!3rs)

Thusequation(6)canbe rewrittenas

L

andtheinversionis

[f

x-~r Ao(xJdx~
cp(x,r,e)= - +

o J(x - XJ2 - ~2r2
+

(8)
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wherethefunction~(x) isgivenby (fromoperationalcalculusrules)
.

‘(x) ‘Jxti=’“ “ “Jxs*J’x2~’xJ@

.

0 0 0

(9)= J‘(x-
(m-ll)!o xJw&(xJ Clxl

Equation(8) expressesthesolutionintheusualform,given,forexsmple,
inreference10,ptige527. Forsomepurposes,numericalcalculations
forexample,equation(7)hasadvantagesoverequation(8). Thetwosolu-
tionsexpresstheperturbationvelocitypotentialintermsofdistributions

.—

of singularitiesalongthecentralaxisjthe_firsttermrepresentinga dis-
tributionof supersonicsourcesof strength..~(x)dx,andthesubsequent

—.

termsrepresentingmultiplesof orderm.

It isof interesttocalculatethelimitingformsof equations(7)
and(8)forlarge‘andsmallvalues-ofr. Forlarge r, equation(6) .
becomes

.-

~(s;r,O)2 -
@=Js) J+-’rsc”s M

(w) “.-

0

wheretheasymptoticform

hasbeenused.Theperturbationvelocitypotentialisthen

m
1cp(x,r,O)s -—

21’f457F1
0

Theultimateattenuationof qI
by thefactorl/fi.Forsmall

f

x-@ w
Cosme Am(E)J’

.-~-pr” .
(11)

o

withlateraldistsmceis thereforefixed
r, equation(6)becomes

~(s;r,e)= -H-s)G*+’)+Z*(m-‘):(~YcOs+
L (12)
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where“7 = 0.577isEulertsconstant.Theinversion

9

of equation(12)is

Ix- X1 fikl+

a
‘(m-l)!

Zc )
2—
r 2 Cos@ C-QJX)1

A

where ~(x) isdefinedinequation(9). Thisresultwasusedby

(13)

Ward
(ref.11)as a basisforthe‘developmentof slender-bodytheory.

As presented,theabovegeneralsolutions(eqs.(7)and(8))werenot
relatedto specificboundaryconditions.Theformaldevelopmentof this
relationis straightforwardandleadstoan explicitsolutionforboundary
conditionsgivenon thecylindrical-controlsurfaceat r=R = const.
Letthegivenconditionsbe

Cu

%lr=R=UOG(X,(3)=Uo
I
~(x)cosme (14)

o

Fromequations(6)and(14),onehas

Since

&&( Prs)= 13sKm’(13rs)

equation(15)yields

andthetransformedvelocitypotentialis,fromequation(6),

(16)

(17)
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In orderto give%hedesiredexpressionfor q(x,r,O)itisnecessaryto
.

calculatetheinverseLaplacetransformofthefunctionsKm(Prs)/Km’(~Rs).
ThistaskhasbeenundertakenbyMersman(ref.12). c

—

ExternalWaveDragof Quasi-CylindricalBodyofRevolution
InTermsofItsGeometryorSourceDistribution

Attentionisnowrestrictedtoflowfieldspossessingaxialsymmetry
withrespect
thenreduces

tothestresm
equations(’7)

direction.Independencewith~espectto e
and(8)to

q(xjr)= -

andthe“velocitypotential.is
supersonicsourcepotentials.
form

@(s;r)

1Jx-@ &(xJdX~
z

o 4(X - XJ2 - p’r’
(18)

expressedas a rectilineardistributionof
Operationally,equation(18)takesthe —

●

Theaxesmaynowbe consideredas shiftedsothatthesourcedistribution
startsat x = - 13Randinducesperturbation.velocitiesonthecylindrical
surfacer =R,O~x~Z. For r ~ R onethenhasthedisturbancefield :
associatedwitha bodyofrevolutionthatdeviatesonlyslightlyfromthe
cylinderr = R. Thewavedragof sucha bodycanthenbe expressedin
twoways: first,asa functionof thebodygeometry;second,asa func-
tionof thesource-strengthdistribution.Thefirstresulthasbeengiven
inreference1. To theorderofaccuracytowhich
theoryapplies,theslopeof theresultingsurface

g ~ s’(x)
dx 1‘$%23’iR r=R

where Sf(x)isthestreamwisederivativeof local

thiscontrol-surface
is

cross-sectional
of thebody. Thiscondition,togetherwithequation(19),yields

.
&(s) s’(s)
Uo— = ~sK1(jRs)

(20)

area

(21) -

.
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“

i“

.

where St(s)meanstheLaplacetransformof S!(x),and

@=._ s*(s)Ko(PRs)
u~ 2fi~RsK~(~Rs)

(22)

Inorderto calculatedrag,pressureon thebodyisnextevaluated.
Denotingby p andP. localandfree-streampressureandsetting

~ = * pouo2,onehasinlinearizedtheory

P- Pol = - 2u(x,R)
% Jr=R Uo

Fromequation(22)

-m . — Ko(~Rs) ~
Uo -J- 4f(s)’-————=— ————

2Yc~R [
1-

Kl(~Rs) 2Yr~R K=(~Rs)
K=(~Rs)- Ko(~Rs)

1 (24)

Theinversetransformof thesecondterminvolvingtheBessel
leadsto”thefunctionW(x)introducedbyLighthill(ref.2).
tion,itstransformis

K=(S)
V(s)=

- ~(s)
Kl(s)

Pressuredistributionon thebodycanthenbe calculatedfrom
sion

“*F’(X)-J’XS’’XJW(T)*lP-
%

● 0
w(x)

ThefunctionW(x)is shownin sketch(a);
tabularvaluesfor-2<x <10 aregiven 1-

inreference1.
I
I \l

Theexternalwavedrag ~. of the

v

1,
bodyisfinallydeterminedby direct I
integration I

a

function
By defini-

(25)

theexpres-
.

(26)

J-k=i-
-2 0 2 4 6X

Sketch(a)

—
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(27)
G

andfromequation(26)is

(28)

In a latersectionentitled‘tGeometricCriteriaforMinimumDrag,”the
roleequation(28) playsinproblemsinvolvingdragminimizationwillbe
~iscussed.Forthepresent,itmaybe remarkedthatalthoughthemagni- ‘ .
tudeof theitiluencefunctionW(x)isknolrn,itsanalyticproperties
arenotwellenoughdefinedtopermiteasymanipulation.Itwillbecome —.
moreapparentlaterthatforcertainminimum-dragproblemsan advantage
isprovidedwhenonedealsdirectlywithsourcedistributionsandestab- -“
lishestherelationshipbetweengeometryandsourcestrengthsas a sepa- .
ratepartof theanalysis. —.—.

Equation(18)expressesthepotentialofa sourcedistributionof *

strength~(x)dx. On thecylindricalcontrolsurfacer = R andwithin
therange O ~x ~ Z an effectivebodyshapeis inducedandthedrag
of thisbodycanbe calculatedasfollows.Thestreamwiseandlateral
perturbation-velocitycomponentsare,respectively,

f

x-m (x - xJAo*(xJdxl
(pr(x,r)=~

2fir J(x - X1)2- p%%
-m

(30)

where Ao(xl)=O,for xl~- ~R. Theeffectivebody,tithintherange
O ~x~ Z, is fixedbytheboundaryconditionsof equation(20)andits .
externalwavedragis

.
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f

1
D=- 2YtPoR qx(xjR)gr(x,R)dx

0

13

Thedummyvsxiablesxl,~ canbe interchanged;ifonethencombines
twoexpressionsof equation(31)sndinvertstheorderof integration,
integrationwithrespectto x canbeperformedandthereresults

the
the

f

1-$R Z-$R
D=$ Ao’(xl)til

J I(z-x=)(Z- X2)- j32R2~’(x=)cosh-= Id+“
j3R(x=- X2)

-B’ -~R

as giveninreference(3).

It isof interesttoremarkthatalthough
knowledgeof thefunctionAo(x)intherange
thatis calculatedpresupposesa specificsourcedistributionfhctionin
theramge Z - 13R<x if onewishesto identifyt~edragwitha geometric
shape.Thus,as in sketch(b),ifthebodyshapenear r = R isassumed

( 32)

equation(32)usesonlya.
-~R~x~Z - j3R,thedrag

/
/

\ \
@?,oJ \

\ \

Sketch(b)

to havesomearbitraryvariationforO 5X s Z,andtostraightenoutinto
a purelycylindricalsurfacedownstreamof x = 1,a sourcedistribution
functionisrequireddownstreamof x = Z - 13Rtoproducethecylinder.

—
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Thefactthatthestretivelocityissupersonicmeansthatupstream .
.

influencesof ~(x) tor x > 1 - ~R cannotbe felton thebodyand
explainswhythedragofa completegeometricshapecanbe determined =-—
fromitssourcedistributionwithoutknowingtheco~letedetailsof the
distributionfunction.

--

As anotherexampleof theuseof
equation(32)consider,as in sketch(c),

1

a circularbodyextendingfrom x = - BR
‘/ tox = 2 witha cylindricalafterbody
/ rr=R ofradiusR aftof x = t. If the

~

—— sourcedistributionof thisbodyisknown
as,say,forexsmple,inthecaseofa

x coneor slenderbodyofrevolution,the
bodydragcanbe determinedby usingthe

.— . surfacer=R,OSxSl asa control
\
\ 2—4 surfaceandcalculatingmoment~trans-

portthroughthecontrolsurface.Equa-
tion(32)istheexactexpressionfor
thebodydrag,and,again,requiresno

Sketch(c) knowledgeof sourcestrengthbeyond
x= -L- @R.

COMBINEDFLOWFIELDS .
.

Onemethodofattackthathasprovedtobe extremelyhelpfulinthe
analysisofproblemsinaerodynamictheoryinvolvesa symmetrization
processinwhichflowfieldsinbothforwardandreverseflowarerelated.
Attention,up tothepresenttime,hasbeendevotedprincipallytoplanar-

--

typeproblemsandinreference13Joneshas-usedthisapproachtoderive
criteriathatappearintheminimization.ofwavedragof,forexample>
nonliftingwingshavingspecifiedthicknessratiosorvolumes.In this
section,a briefdiscussionis given,usingthemethodsofreference14,
of thewaytheseconceptsappearin cylindrical-control-surfaceanalysis.

TheReciprocityRelationforAxialFlow

Equation(1)canbewritten

L(q)= 132qw- C?W- Qzz= O (33)

whereL(cp)isa self-adjointlineazoperator.Letnow w(x;y,z)and .
Q(x,y,z)be twosolutionsofequation(33)satisfyingboundsryconditions.
givenona circulsrcylinder.Reciprocalrelationsbetween$ andQ can %
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.

.

be derivedby appl~ngGreentstheo-
removera prescribedgeometric
region.Consider,as shownin
sketch(d)?thecylindricalcontrol
surfaceextendingfrom x = O to
x = 1 anddrawtheenvelopingMach
conesat thefrontandre~ of the
surface.Denotethecylindricalsur-
faceby Zl,thefrontMachcone
x - ~r= - 13Rby 22,andtherear
cone x+ ~r = 2 + ~R by Ea. These
surfacesenclosea toroidalregion,
boundedinternallyby xl andexter-
nti~yby 22 and23. Itfollowsfrom
Greenfstheoremthattheintegral
relation

r

Sketch(d)

applieswherethesurfaceintegrationextendsover %s ~29 Z3 and nl,
%s % ~e directioncosines, withrespectto the x,y, z axes,ofthe
surfacenomal directedinwardintotheregion.

It is customerytore-expressrelationslikeequation(34)interms
of a newlydefineddirectionalderivativealonga linetermedtheconormal.
In thismanner,theequationbecomes

where

(35)

(36)
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*

andthedirectioncosinesv~,V2,Vg oftheconormalarederivedfrom

By calculationoftherespectivenormalsnl,n2,n~ andusingtherelation
v12+ V22+ VS2= 1, itisreadilyfoundfromtheequationsdefiningthe
conormalthatonthesurfaceXl,theconormalisnormalto thesurface

—

and A= 1; on a Machcone,theconormalliesalongtheconeand A = p.

Letnow $ be setequalto cp(x,r,e),theperturbationvelocity
potential.associatedwithboundaryconditionsin a forward-flowingstream,
andlet Q be ~(x,r,~),thex-wisecomponent“ofperturbationvelocity
associatedwithboundaryconditionsina streagflowinginthereverse
direction.Undertheseconditions,equation(35)becomes

On theMachcone Z2,theperturbationpotentialmayarbitrarilybe set
equalto zeroanditsconormalderivativealongtheconewill alsobe zero;
asa consequence,thesecondtermsonbothsidesof theequationvanish.
Sincetheflowfieldsareirrotational,~fi/ar= stir/axwhere vr is
radialvelocity.~ter ~ing this substitutionandintegratingthefirst ,_
termintherightmemberby parts,onegets .—

‘f2’Tfz’v@“f=[’(’’’’e’’rez:’e’-[”T”‘k-
0 0

o x=2/2

Thelastintegralbecomes

()-pf2%efx=z(&:)2=&: d~
o X=z/2

—
.—

.
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andforthegivenboundarycon~tion~it ispossibleso showthatalonga
conormalof X3 therelation~r = pu holdsand mu is independentof
v. Theintegralthencanbe rewrittenas

~J2*Tfx=z‘&fi)2$’(:)dv“Rt2nE(2,R~’)Q(
o x=2/2 o

andonehas,finally,thedesiredreciprocaltheorem

-u2’dd’z-u(x,R,e)~r(x,R,e)dx=
‘!2fid’Jz

u(x,R,O)~r(x,R,~)dx
o 0 0 0

(37)

It isnotthepurposeheretoexploitthevariousapplicationsof
equation(37);rather,theroleplayedby thereciprocalrelationin drag
calculationstillbe considered.Tn theforwardandreverseflowfields,
the

If,

are

pressure-velocityrelationsof linearizedtheoryare
.

P- Po= -pouou, p - PC)= Pouofi (38)

furthermore,thicknessdistributionsof theform

r = f(x,O), r = ~(x,e)

placedon thecylinderr = R, theboundaryconditionsare

la
1

af lM
1

a?
.—
uOarr=R=X’ Tsr=R=-x

Equation(38)canthenbe written

1
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An immediateconsequenceofthislastres~t isthatfora unique
thicknessdistribution,thatis,for f(x,e)= f(x,O),thedragofa
bodyinforwardandreverseflowisthesame.Thisfollowsfromthefact = ‘
thatforquasi-cylindricalbodiestherelat~onsfordragare,respecti~ely,

D=‘f’’d’J’(’-‘0)-’%M
o a

Forfixedgeometry,therefore,dragisequalto.half
‘expressions

D=H“”+’-‘)=’%ho 0

dx

thesumof thesetwo

DefiningpressureP(x,r,e)inthecombinedflowfieldsby thefollowin8

onehas

P(x,r,G)= p - 5 = ‘POUQ(U + fi)

.

.

y-o)

(41)

Ifthebodyhasaxialsymmetry,equation(41)reducestotheform
giveninequation(28).To showthis,onenotesfirstthat P andf are
independentof f3andthatequation(41)becomes

..

J’-1D= Psf(X)dx
o



.
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Theprooffollowsfromtherelations

St(x)= E!(x)

u(x,R)
U. =

. +[s,(., -~xs(..).~ ;;.)%]

o

ti(x,R)= - AJx) ,fxs:(x=)wpfix)*]
1

GeometricCriteriaforMinimumDrag

19

(42)

Considernowtheproblemofminimizingthewavedragof a quasi-
cylindricalbodysu%jectto theconditionthatthevolumeof thebody
isconstant.Thebodysurfacemaybe definedby

r = f(x,e)=R + g(x,e) (43)

Thefunctiong(x,~)determinesthemagnitudeofthesurfacedisplacement “
fromthecylinderr = R; thesedisplacements,aswellas theirgradients,
areassumedsmallandwe alsoassume

If equation
of thebody

g(.,e)sO for x~O and t~x

(41)isintegratedby partswithrespectto x, thewavedrag
becomes

D ‘+1’’’?l’ “ (44)‘PT(x,R,e)g(x,e)ti .
0 0

wheretheprimeindicatesx-wisedifferentiationof P. Theimposed
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.
geometricconstraintonthevariationalprolQemis .—.

‘fi2’+Rf2’%r’’x$’’ti=v=cOns’*’”) ‘-0 0

whereV isthetotalvolume.Theproblemthusbecomesoneofminimizing
theexpression .-..

tiere v istheLagrangianmultiplier.
.

Carryingoutthevariation,one
has —

..

f’”J’
1.

5(D-@J)=-; de [P’(5g)+ g(bP’)+ 2p5g]dx= o
0 0

butfromequation(37)or (39)itcanbe shownthattheYirsttwoterms
intheintegrandyieldequalintegralsandtheminimizingcondition
becbnes

237

Jv’
dt3 ‘[Pt(x,R,e)+ V]tlgdx= o

0

Sincethi,slatterequationmustbe satisfiedby allpossiblevaria-
tionsof thedisplacementfunctiong(x,e),itfollowsthatthedesired
conditionis

Pf(x,R,e)+V = O

Statedinwords,theconditionforminimumwavebag ofa
bodyofgivenvolumeisthatthelongitudinalgradientof

(47)

quasi-cylindrical
pressureonthe” ~
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.

.

bodyintheconibinedforwardandreverseflowfieldisa constant.Fur-
thermore,fromequation(4.4),minimumdragisthengivenby

%in=~(v-fi’l) =$Ve (48)

wherev cannowbe identifiedwiththenegativepressuregradientin
thecombinedfieldamd(V- 112Z)= Ve isthevolumeexposedtothefluid
aroundthecylindricalcontrolsurfacer=R.

Theactualcross-section-areavariationofa minimum-dragconstant-
volumebodyandi’tspressuredistributionareshownin sketch(e)forthe

r

———— —

/

Sketch(e)

caseinwhichsxialsymmetryis imposed.Pressurecoefficientinthe
combinedflowfieldofan axiallysymmetricbodyhasbeengiveninequa-
tion(42).Thegeometriccriterionjustestablishedthenleadsto the
integralequation

2sf(x) -
J “’’x’)”(+)%= ‘W+b
o

(49)

andthesolutionof thisequationwilldeterminethebodygeometry.In
thefollotingsectionan analogousintegralequationwillbe derivedbut
withthesource-strengthdistributionchosenas thefundamentaldependent
variable.

Thecombined-flow-fieldtechniquecanalsobe usedto studythe
problemofminimizingwavedragforspecifiedbodycaliberor,more
generally,whenthebodyhasa fixedcrosssectionat”a specified
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longitudinalposition.
.

Theresultingconditionforrairdmumdragisthat
thepressuredistributionon thebodyinthecombinedflowfieldisa
constantforwardandaftofthespecifiedposition.Theseconditions ,
areallanalogoustothoseobtainedforplanarproblemsby R. T. Jones

.

(ref.13).
.-

DRAGMINIMIZATION —

In thisdivision,optimumbodieshavingcertainprescribedgeometric
propertieswillbedeterminedby standard~iationalmethoti.Thean~-
ysistill,asmentionedpreviously,dealwitl-”thestrengthofanaxial
sourcedistributionastheminimizingfunction,ratherthanthegeometric

—.

quantity,cross-sectionalarea. Thus,we shallbe concernedwithformula
(32),givingdragintermsof thesourcedistribution.

Quasi-CylindricalBodyofRevolutionof GivenVolume

Isoper5metricconditions.-
togetherwithassociatednomenclature,is-

Theconfimxrationtobe considered,
shownin sketch(f). Thegeo-
metricpropertiesofthebody
canbe expressedintermsof
thesourcedistributionfunc-
tion Ao(x)%y usingeqm-”
tion(20),namely,

St(x)
27CR

=-% 1
(50)

r=R

.

..

~—l+
Sketch(f)

Then,fromequation(30)

(51)
“x-9R Aot(xl)(X- xl)

s!(x)=U+
J

dxl

-~R J(x - X=)2- ~2R2

Ifequation(51)isintegratedx-wiseit is seenthat —
x

IJ
S(x)- S(0)=: dz

Z-$R(Z- x~)~t(x~)dxl (~2a) .

0 -13R 4(Z - X.)z- B%*
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By changingtheorderof integrationandperformingtheintegrationwith
respectto z onefinds

J’x-~R (X- XI)~(X~) ~1
s(x)- s(o)= &

-j3R J(x - X1)2- j32R2
(52b)

or,integratingby parts,

f

x+R

s(x) - s(o) .+ -%J’(d(x - X=)2 - P2R2dxl (’52C)

0 -$R

Themagnitudeof theadditional.volumewrappedaroundthecylinderis

J2
v== [s(x)- s(o)ldx (53d

o

and,fromequation(52b),

1
f

Z-13R
‘e=~ ~(x=)J(2- X=)2- f3%2dx= (53b)

-~R

Thevariationalproblem.- Thequantitytobe minimizedwillbe taken
as D- ~lVe. Fromequation(32),thedragcanbe written,afteran
integrationbyparts,

(54)

In additiontoprescribingthevolumeaddedto thefundamentalcylinder,
we shallalsorequirethatthebodyreturnat theendto thesamecross- —
sectionalareaas atthefront. Thus,accordingto equation(52b),

f

Z-~R(z- xl)A.o(xl)dXl
o = (55)

-PR ~(Z - X=)2- ~2R2
.
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isa conditiontobe metby theminimizingfunction~(xl),andby its
.

variations.
.

ThequantityD - plVe canbe formedfromequations(53)and(54), -
andifthevariationisperformed,onefindsthecondition

If thislastequationis compsredwithequation(55),it is seenthatfor
admissiblevariations,thequsmtitywithinthebracketsmustbe setequal
to A(2- xl),whereA is ansrbitraryconstant.Thus,theequationfor
determinationof theopt~zing sourcedistributionundertheconditions
of given.volumeandclosureis

#
—

f

Z-PR~?(x=)(Z- x=)2- P%2
dxl= A(t-x)+*

x- X2 Pouo~(’-x)2-P*=] ‘-”
-~R (56)

Equation(56)isrecognizedasthefamiliarairfoilequationwith

[AO’(XL)J(2-x~)2- ~2R2jas theunknown.-’”Thuswewritethesolution
immediately as (see,e.g.,ref.15)

Ao’(dk-x)2-~2R2
1=

(1-~R-x)(x+pR)

f

z.~ ~(t-x~+=[(2-xL)2-~2R2]Pou~

1

@3R-x=) (xI+~R)dxlx- X1
-m

Thefirstintegralontherightvanishesgccordingtotheclosurecondi-
tion(55)and,iftheremainingintegrationsareperformed,we find

.
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1~ M( Z-2x)+% (3Z2-4@lZ-8@2R2-12ZX+8#)
1}

Itwillbe notedthatunless

thissolutionfor ~~(x) doesnotobeytheclosurerequirement.There-
forewe imposethislastconditionandfinallyobtain

&t(x) .* “2-4BRZ-8P’R2)-82X+8F (57)00 d(l+ 13R- x)(x+ j3R)

Thestrengthof theminimizingsourcedistribution~(x) isnowobtained
by integratingequation(57);

Ao(x)=
[

~ (Z- =)~(z+ PR - x)(x+ 13R)- 262R2COS-Z~
12+ 2~R
(58a)

Propertiesof theoptimalsourcedistribution.-It iS convenient to

express thevariousquant~tiessuchas sourcestrength,areadistribution,
etc.,asdimensionlessfunctionsof thedimensionlessvariableq = x/z
andparametera = $R/Z. Thus,indicatinga dimensionlessfunctionby a
star,we havefromequation(58a)

Ao*(d
Ao(2q)

‘—’*[(1 - %’hh+cd(l -q+a) - 2a%os*’~]Zuo
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Itwillbe notedthatiftheradiusofthecontrolsurfaceistakenvery
small,sothat a + 0,formula(58b)becomes

whichisthewell-knownslender-bodytheoryresultforthesourcedistri-
butioncorrespondingtoanoptimumbodyofgivenvolume(refs.16and17.)

In ordertodeterminethevalueoftheLagrangemultiplierIJ.l,in
termsoftheprescribedvolumeVe,itis convenienttofindfirstthe
expressionforthelocalcross-sectionareaof theoptimumbody. Thus,
usingequation(52c)(withS*(Q)=* S(l~)),

S*(V) - S*(O)=~~(q + 2u)(1-? + 2a)~v(l-q)E- a(l- ka)(K-E)]

‘ (59)

.

.

—

.

where K andE areellipticintegralsof thefirstandsecondkinds,
respectively,ofmodulus

& . n(l -v)

(n+2u)(l-q+ 2a)

Usingequation(59)in equation(53a),we find
——

~e* .!U J’lf(q+ 26)(1- q + 2a)[q(l- II)E- dl - 4u)(K - E)]dq
6qoo

whichexpressestheconstantp~ intermsoftheprescribedvolume

(@a)

()v~Ve*=~a andofa functionB of thequantitya = ~/1. A graphof ‘
thisfunctionB(a)versusa is showminfigure1. Shownalsoin
figure1 isa dashedlinethatcorrespondstotheasymptoticformfor
B(o),whichiS

Theclosenessof
relativelysmall

.-
(.-

B(a)
r

%.* (1+ 4U) * (60b)
.

theasymptoticvaluestothe exactvaluesevenfor
valuesof u isnoteworthy.
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Theformulae(58b)and(59)forthesourcestrengthand
area,respectively,cannowbe recastin termsofprescribed

27

cross-section
quantities

~*(d- s*(o)
S*(O)

where Vp is

(Ve*/Vo*)
‘~ ~(q+2u)(1-q+2a)[q(l-q)E-c(1-ka)(K-E)]

(62a)
thevolumeof theoriginalcylindersection,

Vo = lm22= 2s(0)= ZSVO*

Considertheexpression(61)forthesourcefunction~*(q). In the
psmmeter u = j3R/Z,wemaythinkof p asfixedand Z asunity,so
thatvariationsin a smounttovariationsinthesizeof thecontrol
surfaceofradiusR. Thus,insketch(g),thecase a = O corresponds

A:{v/!/b&”
A

‘in”’”
I-10

/.0*V

-5-

Sketch(g)

to thesourcedistributionforthewell-known
and17). Itwillbe notedinthecaseswhere
functionsbecomelesssteepandattainlesser

Sears-Haackbody(refs.16
u > 0 thatthesource
maximumvaluesbecausethe
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volumeremainsthesamewhilethecontrol-surface
thusgivinga smsllermaximumradiusof theadded

Nextletus exeminetheexpression(62a)for
First,we noticethatitcanbe written

cylinderis increasing,
.
.

portion. .
--

.
cross-sectionalarea. —.

.-—-

S*(T))-S*(0) =~~(v+zd(l-V+2a1[TI(l-TI)E- cr(l- kc)(K-E)] (62b)

inwhichformitreducesformallyfor u +0 to

(62c)

whichisidenticaltiththeexpressionforcross-sectionareaof a slender
optimumbodyofprescribedvolume(Sears-Haackbody).Of course,Ve is,
inthiscase,thetotalvolumeof thebody. On theotherhand,ifwe
allowtheradiusof thecontrolsurfaceto increaseindefinitelyequa-
tion(62b)gives(usingtheasymptoticfotifor B(a), eq.(60b)\ .

S*(l-l) - S*(0) = 6ve*~(l - ~)

In thecasewhen R isverylarge,we take ..

s(x)- s(o)= 27cmr(x) (63)

sowe have,returningtotheoriginalvariables, —.

X(2- x)
&(X) = 6+ ~z (64)

where Ve/2@l isa finitequantity,and,infact,istheaverageheight
of theprotuberanceabovethecontrolcylinder.Thisresultisclear
fromphysicalreasoning,foronewouldexpectthatas thecqntrolcylinder -
increasedinradius,thetwo-dimensionalresultfortheoptimumproblem
wouldbecomemorenearlyvalid,and,fndeed,equation(64)istheformula
fora two-dimensionalbiconvexsection,ti_ereAr isdistancefromthe

is chordlength,andmaximum%i.cknessis
(? )

Vemesmline,Z
E“

Itwillbe.notedthattheareadistributionas givenby equation
(62b)hasfore-and-aftsymmetry,sincethefunctionaldependenceupon q - --
involvesonlythecombinationv(1- q). Themsximumcross-sectionof

.
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theoptimumbody
(frOmeq.(62b))

Cax - s*(o)

29

thenoccursat themidpointV = 1[2andis givenby

[

+61+4u E=iWe —-
4B(a) 4

wherethemodulusof theelliptic

- Cr(l - b)(K - E)1=2Ve*T(u) (65)

integrslsisnow k = 1/(1+ 4a). Sketch
(h)showsthefunctionT(a)versusa.

.85“

.83

.8/
T(r)

.79

.77 \

o-

Sketch(h)

Thedragof theoptimunbodiescannowbe evaluated.Fromequations
(54)and(56)

TheintegralinvolvingA vanishesbecauseof theclosurecondition.The
remainingintegration-gives

f

2-13R
D .h

2U0 AO(E)J(2- g)2- t3%2q
*R

by equation(53b). Finally,usingtheevaluation
(60a),we have

Plve=—
2 (66}

of pl of equation
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(67)

Numericalresultspertainingto the
ina latersection,anda summaryof the
theAppendix.

problemjustsolvedwillbe given .
importantformulaeis givenin

—.

Quasi-CylindricalBodyofRevolutionWithGivenCaliber

Thevariationalproblem.-Forthisproblem,weprescribethesrea
atthebaseof thebody,sothegivenconditionis,fromequation(52b)

2-PI?(Z -
As =s(2)-s(o) =*

f
X;)%(q)dxl (68) ‘

-j3R J(1 - X=)2-132R2

Thevariationcanbe takenasbefore(nowwithoutinvokingtheclosure
condition)onthequantityD + ~, anditleadstotheintegralequation

J

(z- x=)=- $%2 ~==
x-

.a(z-x)
xl (69)

-PR
pouo

me solutionto equation(69)consistentwiththegivenconditionsis_

UO(AS) 1 - 2x
%’(x) ‘: Z(Z + @R) J(z + 13R-

x)(x + 9R)

Integratingthisexpression,we findforthestrengthof
sourcedistribution

UO(L3S)
&(x) =@ ~(1+ ~R -

X 2(2+ @R)
x)(x+ ~R)

Thesourcedistributionof equation(70b)representsthe
tiontotheresult.ofreference3 fornearlyequalfront

(70a)

.
—

theoptimizing

.-

(70b)

firstapproxima-
andrearradii. —

Propertiesof thesolution.-M inthesectiononthebodywithpre-
scribedvolume,we nowconsiderx made”dimensionlessby divisionby 2J

—_

.

.
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andagainset u = $R/1.Thevariausquantitiesof interestinconnection
withthecaliberproblemthenbecome

AO*O-1)=:&+-- J(?l+cr)(l-Tl+a) (70C)

S*( )-s*(o~
AS*

2=
7C(1+4U)

(1+2u)(l+ku)~(u2,k)-(1-2v)(rI+2u)(1-TI+2?(J)E-(l+2a)(1-q+2a)K

J(q+2a)(1-ll+2u)
(71)

where~(u?,k)isa completeellipticintegralof thirdkindofmodulus
kz = n) .z.~.

(q+2!);l-q+2a) ad ‘==eter
Again K andE are

l-~+2u
completeellipticintegralsof thefirstandsecondkinds,respectively,
of thessznemodulusk.

Ifwe allow a to approachzero,equation(71)becomes,in thelimit,

s*(n) 2
m=~ [

Sin-’Jj - (1 - 2q)Jm
1 (72)

whichistheshapefunction
At theotherlimit,when u
vsriables)

or,usingtheapproximation

whichisagaintheexpected

forthewell-knownK~~ ogive(ref.18).
am, equation(71)gives(intheoriginal

s(x)- s(o)=~
AS z

ofequation(63),

(73)

two-dimensionalresultforspecifiedcaliber.

Thedragcanbe foundbysubstitutingequation(69)in equation(54),
andthenusingequation(52b).Thereresults
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(74) -

A summsryofformulaepertainingtothisbodywill.be foundinthe
Appendix.

ExamplesofOptimumBodies

Theoptimumbodyof givenvolume.-Inorder
dependenceof thebodygeometryon theparsmeter
equation(62a).Thequantity[S*(q)- s*(o)]”is

toexsmineindetailthe
a,wemayreturnto
actuallythelocalcross-

sectionalareaaddedtothebasiccylinder-bytheactionof thesource
distribution.Infigure2 areshownsomegasesof optimumbodies,having
equaladditionalvolumeVe*Jforseveralvaluesoftheparsmetercr.
Onlyhalfof eachdistributionis shown,sincetheyaresymmetricabout

-.

thepoint ~ = 1/2. Theonelabeleda = O istheSears-Haackoptimum
body,anditwillbe notedthatas a increases,thecurvesdepartrather . ‘
quicklyfromthislimitingcaseandapproachtheotherlimitingvalueof
thebicomvexdistributionfor a -w. In-fact,a bieonvexarcdrawn
throughtheendpointsof the rY= 1/2caseisindistinguishablefromthe =-
exactresultinthescale’used.In theinsgtoffigure2 is shownthe
vsriationof thedragoftheoptimumbodiesas a functionof a. This
dragisalsobasedon equalvolume,andshowsa fairlyrapiddecrease -=
withincreasingvaluesof u,duetothedecreaseinthethicknessof

.———

theexposedportionof thebody. Thedashedcurveon thedragplotis

thecalculateddrag
1& I

= # undertheassumptionthateach

meridiansectionof thebodyactsas anindependenttwo-dimensionalopti-
mumairfoil.Thisadmittedlycrudeapproximationisof courseverypoor
atlowmlues of a,butitsaccuracybecomessurprisinglygoodfor a =.
greaterthanabout0.4, andtheapproximationbecomesexactinthelimit
G+m.

Thevariationoflocalcrosssectionwith a csnbe exemined~so
on thebasisof equalexposedarea.!i?hus,usingequation(65)incombina-
tionwith

M*(n)—=
M*m=

equation(62b),we have

1
~(a)B(Is)d

(v+2a)(1 -v+2a)[~(1 -q)E - a(l- b)(K-E)l
(75)

Figure3 showsplotsof equation(75),anditis againnotedthatthe
departurefromtheslender-bodyapproximation(a= O) israpid.The
limitingvariationof areafor a +m is alsoshowninfigure3,andit .
isseenagainhowcloselytheoptimumbody-shapefunctionsapproachthis



5J

●

.

NACATN3389

limitingresultevenformoderate
correspondingto thesecases.

D
@2(A~m)2=

33

valuesof a. Alsoshownisthedrag

2

4B(u)[T(a)]2
(76)

whichshowsa similardropfromthe u = O valueas u is increased..
Again,theeffectivefinenessratioof thebodiesis increasingwith a,
and,iffrontalmea exposedto thestreamisheldfixed,themaximum
thicknessof theexcrescencevanishesasl/a forlarge a. Thedeparture
ofthegeometricvariationfromtheslender-bodycaseismostpronounced
nearthenose)l-l= 0,wheretheslopeis givenby

@u.Jz,E(l+lw)
w 8 B(a) m

whichvanishesonlyas ~ for a + O.

(77)

Theoptimumbodyof givencaliber.-In thiscase,themaximumcross-
sectionoccursat q = 1 sothereisno longitudinalsymmetry.Figure4
shows,forseveralvalues
incrementalcross-section
thedragasa functionof

of theparsmetera, theoptimum,equal-caliber>
areagivenby equation
a;fromequation(74)

D

()2

%$

Againin thiscase,thecloseness

4
= YI(l + 4cr)

of theoptimum
increasesto thetwo-dimensionalvalue(CS+CO)
pointhasalsobeenmadeby Ferrariinreference
tooursaretreatedby a differentapproach.If
sectionarea(eq.(71)) isexpandedinpowersof

(71). Theinsetshows

distributionsas c
isnoticeable.This
5 whereproblemssimilar
theexpressionforcross-
l/a,it isfoundthat

. . . (78)

whichshowsthesmallnessof thecorrectionto thetwo-dimensionalresult
formoderatevaluesof u.

.

.
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ReciprocityRelations
●

Theoptimumbodyof givenvolume.-Thelongitudinalandradialper-
.

turbationvelocitiescanbe determinedby substitutingthederivativeof —.

thesource-distributionfunction(eq.(57))intotheformulae(29).We
.

find,atanypoint(xjr)(r~R) in thefield —

~x(xyr)
Uo =-~ ~[x+f3(r+R)]~2-x+!3(r+R)]{

h[x+B(r+R)][Z-x+~(r+R)]E+

[Z(Z+4BR)-4(z+2PR)(1-x+13r+BR)IK+4(z+213R)(1-2x)~(#,k)}(79a)
J

Qr(x,r) .A 1
U. ~%r~[x+p(r+R)][l-x+13(r+R)1 {

(Z-2X)[x+f3(r+R)][2-x+B(r+R)]E-
—

PrZ[Z-2x+2@(r-R)]K-4j32R(r-R)[t-x+p(r+R)]K+

(79b) -4~2(#-R2)(l+Z@R)~(a2,k)
}

wherenow

k2 = ( x)
[x+ ~(r+ R~]~z- x“+~(r+R)]

~2=- x-~(r -R)
1- x+@(r+R)

Forthepresentaxissystem,theact.ofreversingtheflowsmounts
to substituting2 - x for x, and,forthecaseof thesymmetricbody, ““ -
thelongitudinalperturbationvelocityin thereversed-flowis —

ti(x,r)= -u(t- x,r)= - Cpx(t”-x,r)

Now,fromequation(40),pressureinthecombinedfieldis givenby ..

P= -PoUO(U + V = -PouO[~x(~Jr) - qx(t - x~r)l (m) -
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Substitutingequation(79a)intothisrelation,we.find

P= *(z-a) (81)

by usingtheadditionformulafortheellipticintegralof thirdkind.
Differentiatingequation(81)we find

Pr+p~=o (82)

whichagreeswiththecriterionforminimumdragwithgivenvolumeestab-
lishedin equation(47).TheLagrangennd.tipllerP1 istherefore
identifiedas thepressuregradientin thecombinedflowfield.Itwill
be notedthatequations(81)and(m) holdeverywherewithintheenvelop-
ingforwardandrearwardMachconesof thequasi-cylindricalbody(see
sketch(d)).

we

so

is

NowconsideringtheradialcomponentofperturbationvelocityCPr,
find

~r(x)r)+cpr(Z- x,r) B2(r2- R2)
Uo Uo.= 4~r ‘z

(83)

thattherelation

Pr(x,r)= ‘~r(l- x,r)

satisfiedon thequasi-cylinderitself,thatis,whenwe set r = R.

Theoptimumbodyof givencaliber.-Forthiscasewe findthefol-
lowingequationsfortheperturbationvelocites:

qx(x)r) A(1+2i3R)—= - [K - m(ua,k)]
Uo

(84a)
2n~j[x+P(r+R)][z -x+p(r+ R)]

cpr(x)r) A—= .
U. 2fi@~[x+@R) 1[Z-X+~(&R)1{

[x+@(r+R)1[Z-x+p(r+R)IE-

@( Z+2@K} (84b)

wheretheelliptic
previoussection.

J

integrals.havethesamemodulusandparsmeteras inthe ‘

.
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In thiscase,the

P=

whichgives

pressureinthe

-poUo[gx(xjr)+

P =A

combinedflow

qx(z- x,r)l

NACATN3389

●

fieldis . .

(85) -

(86)

sothatinthisinsts@ce,pressureitselfis constsmtinthecombined
flowfield.

Fromequation(84b),we seethat

gr(x)r) =qr(l - x,r) (87)
sincethemodulusoftheellipticintegrsl$isinvarianttothechange
X+1-X*

Usesof thereciprocityrelations.-Thereciprocityrelationsserve
thedualfunctionof checkingthederivedperturbationpotentialagainst
minimizationcriteriabasedonotherconsiderations(seeeq.(47))andof
relatingtheLa~angianmultiplierstothe-pressureorpressuregradient
inthecombinedflowfield.Equations(81)and(86)alsorevealthatthe ““
expressionsforpressurein thecombinedflowfieldhold,independently
of r, throughouttheentireregionwithintheenvelopingconesof the
bodies.Theseresultsaregeneralizatians”ofa similareffectnotedin
reference19, wherethecombinedpressure-fieldassociatedwitha Sears-
Haackbodywasshowntohavea constant@~ient withintheenveloping
cones.In thelatterreference,thispro~ertyof theminimum-dragbody
wasusedto expeditethecalculationof interferencedragwitha satellite
bodylyingwithintheenvelopingcones.S-imilarmethodscouldobviously
be appliedto thepresentconf@urations. ..

AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

MoffettField,Calif.,Nov.22;””1954
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APPENDIXA

SUMMARYOFFORMULMIFORTEEOFTIMUMBODIES

Theformulaederivedin
thetextforthebodyshapefunc-
tion,pressurecoefficient,and
dragofoptimumhodieshaving
givenvolumeor givencaliber
arerepeatedhereforconven-
ience.Thetypeof configura-
tiontreated,andthenomencla-
twe, areshownin sketch(As).

p—~ +

Sketch(As)

The OptimumBodyof GivenVolume

Thevariationof AS fortheoptimumbodywithgivenvolumeis

Ve
AS(x)=—

( )’
{

(x+2i3R)(t-x+2@R)x(Z-x)E(k)-BR(Z-4PR)[K(k)-E(k)]
14B~ )

where

AS(x)=

Ve =

()
~ ~R
7=

K(k) =

E(k) =

k2 =

Examples
shownin

fi[(R +&)2 -R2]

volumeof exposedportion

B(u)functiondefinedinequation(@a) andshownin

completeellipticintegraloffirstkindofmodulus

completee~ipticintegralof secondkindofmodulus

X(2 -x)

(Al)

figure1

k

k

(x+2PR)(2-x+2pR)

ofoptimumbodiesfor
figures2 and3.

a fewvaluesof theparameter$R/Z axe



38

Thepressurecoefficientonthebodyis
P- Pocp=~

u
‘-2~

.&JLx

0
2% $i

I’7ACATN 3389

.

4(x+2$R)(Z-x+2@R)E-[1(W-@R)-4(t+2PR)(Z-X+2~R)1K+4(Z+2PR)(Z-2x)~(u2,k)

J(x+2BR)(2-x+2PR)
(A2)

where~(a?,k)isa completeellipticintegralof thirdkindofmodulus
k andparametera2 (inthenotationofref.20). Theparametera2
isgivenby

2a=- X
2-x+213R a“

Sketch(Ah)showssomeplotsof C~/(Ve/ZS)versusx/1fora fewvaluesof
thepaz%meterpR/2.

-.

-160

-8.0

0

+,/t3
8.0 .’

I

16.0

24.0

32.0

40.00 .1 .2 .3 .4 .5 .6 .7 .8 ,9 I

.

*

)
x/1

Sketch(Ah)
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Thewavedragof thisoptimumbodyis givenby

(M)

Thevariationofdragwith ~R/Z isshowninfigures2 and3.

TheoptimumBodyofGivenCaliber
.

Thevariationof & fortheoptimumbodyof givencaliberis

z(z+2PR)(z+4pR)~(a2,k)-(z-2x)(x+2pR)(Z-X+2pR)E-z(z+2f3R)(Z-X+213R)K

~(x+2m)(Z-x+2PR)
(A4)

wherethesymbolshavebeendefinedabove.Examplesofoptimumbodiesfor
a fewvaluesof theparsmeterj3R/zareshowninfigure4.

Thepressurecoefficienton thebodyis givenby

8 AS(Z)Z+2j3RCp=— —— ~(~2,k)-K
*Z z+@R~(x +213R)(z-x+2@R)

(A5)
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Sketch(At)showssomeplotsof
CP versusx/l forseveral

As(z)/z2
valuesoftheparameterPR/t.

-3.2

-1.6

0
c
+fi/1

1.6

3.2

4.8-
0 .1 .2 .3 .4 .5 .6 7 .8 .9 - 1.0

x/\

Sketch(At)

Thedragofthisbodyls

anditsvariationwith i3R/1is showninfigure4.

(A6)

.

.

.
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